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From the Particular 
to the General
An NRICH Masterclass package
The problems in this masterclass package are intended to offer students the opportunity to engage in a key mathematical activity: moving from particular instances to general cases. Along the way, students can notice patterns, make conjectures and choose representations to help justify and prove.

Each activity is taken from the NRICH website http://nrich.maths.org. In this booklet, we present the problems as they appear on the site, together with adapted versions of the Teachers’ Notes to give an idea how they could be used in a Masterclass. We advise potential Masterclass leaders to look at the full Teachers’ Notes on the website for suggested extensions and support, together with printable and interactive resources. In addition, it may be useful to look at the published Solutions which give an indication of how students might respond to the tasks. 

Proposed activities:

Route to Infinity (starter)
http://nrich.maths.org/5469 

Summing Consecutive Numbers or What’s Possible?

http://nrich.maths.org/507 or http://nrich.maths.org/742 

The thinking required to work on these problems is similar – both begin with a numerical context that can lead to some interesting conjectures about the properties of numbers, before developing arguments and proofs, perhaps using algebra.

BREAK

Painted Cube or  Marbles in a Box

http://nrich.maths.org/2322 or http://nrich.maths.org/895 

Again, this pair of problems develop similar mathematical thinking, in this case describing patterns spatially, numerically and possibly algebraically, and applying insights from simple cases to make generalisations.


Amazing Card Trick (perhaps to go away and think about)
http://nrich.maths.org/2028 
Route to Infinity – Starter
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Possible Masterclass approach

Display the picture above for the students to see.
“Take some time to look at the route followed by the arrows in this diagram. In a moment, I’m going to take the picture away, and I’ll ask you to describe the route, the order in which the coordinates are visited.”

Clear the picture so it is no longer visible
“Talk to your partner. Can you describe the route?”

Give students a couple of minutes to discuss what they saw, then show the picture again so they can check their description matched the image. Invite some students to turn their backs to the image, and then list the coordinates visited in order while the rest of the group checks.

“How do you know which coordinate will be visited next? How are you working it out?”

Take some time to discuss the different strategies students are using.
“If I was at (9,4), where would I go next?” “What if I was at (106, 72)?”

“Through how many points would I pass before I reached (9, 4)?
Give students time to discuss in pairs and work out their answer. It is likely that there will be disagreement, so insist that students explain how they got their answers, and work towards consensus. 
Summing Consecutive Numbers 
 Problem (as it appears on NRICH)
Charlie has been thinking about sums of consecutive numbers. Here is part of his working out:
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Alison looked over Charlie's shoulder:

"I wonder if we could write every number as the sum of consecutive numbers?"

"Some numbers can be written in more than one way! I wonder which ones?"

"9, 12 and 15 can all be written using three consecutive numbers. I wonder if all multiples of 3 can be written in this way?"

"Maybe you could write the multiples of 4 if you used four consecutive numbers..."

 

Choose some of the questions above, or pose some questions of your own, and try to answer them.

Can you support your conclusions with convincing arguments or proofs?

Summing Consecutive Numbers 
(possible Masterclass approach)

"Can someone give me a set of two or more consecutive numbers?"
Write a few sets on the board.
"What totals do we get by adding the consecutive numbers in these sets?"
Write + signs in between the lists of numbers.
"These totals are all examples of numbers that can be written as the sum of consecutive numbers. Do you think all numbers can be written in this way?"

"How about trying to write the numbers from 1 to 30 as sums of consecutive numbers?"

Give students time to work in pairs on filling in the gaps from 1 to 30. While they are working, write the numbers from 1 to 30 on the board ready to collect together the sums the class have found.

If students ask about negative numbers, one possible answer is: "Stick to positive numbers for now, and then perhaps investigate negative numbers later."
Once most pairs have filled in most of the gaps, collect their results on the board.

"Spend a minute looking at these results and then be prepared to talk about anything interesting that you notice."

Give them time to think on their own at first and then share ideas with their partner, before discussion with the whole class.

Next, collect together any noticings, and write them on the board in the form of questions or conjectures. If such conjectures are not forthcoming, there are some suggested lines of enquiry in the problem.

Allow pairs time to work on the conjectures of their choosing, reminding them that they will need to provide convincing arguments to explain any of their conclusions.

If appropriate, bring the class together to spend some time discussing algebraic representations of consecutive numbers (n, n+1, n+2...) to give students the tools to create algebraic proofs.
While students are working, circulate and be aware of groups who have interesting insights or convincing arguments. Finally, bring students together for a discussion to resolve the different conjectures. Make sure that the interesting insights or convincing arguments you observed are shared in this discussion.

What’s Possible?
Problem (as it appears on NRICH)

Many numbers can be expressed as the difference of two perfect squares. For example, 
20 = 62 - 42
21 = 52 - 22
How many of the numbers from 1 to 20 can you express as the difference of two perfect squares?

Here are some questions to consider:

What do you notice about the difference between squares of consecutive numbers?

What about the difference when I square two numbers which differ by 2? By 3? By 4...?

When is the difference between two square numbers odd?
And when is it even?

What do you notice about the numbers you CANNOT make?

Can you prove any of your findings?
What’s Possible?
(possible Masterclass approach)

Arrange the class in groups of two or three, and hand each group one of the four sets of printable cards (see back of booklet). Ask them to work in their groups for the first few minutes, looking at what they notice about their three cards, whether they could create other cards that would belong in the same set, and what questions are prompted by them.

 

Next, bring the class together to share what was on their cards, and what questions occurred to them. Do any of their questions resolve themselves once they see someone else's cards? Make sure conjectures and questions are noted on the board. If conjectures are not forthcoming, there are some suggested lines of enquiry in the problem that can be used to prompt students.
 

One way to begin to resolve these conjectures and provoke new ones is to challenge students to find numbers between 1 and 30 which can be expressed as the difference between two square numbers. Encourage them to find more than one solution where possible, and draw attention to systematic ways of working and recording. Once everyone has had some time to find most of the answers, ask students to share what they have found and tabulate the answers on the board. Note down any new conjectures that emerge at this point. 
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Allow students to choose a line of enquiry, working on their own or in small groups. The emphasis should be on proving any conjectures they make, whether using diagrams or more formal algebraic methods. 
On the right is a diagrammatic approach that can be shared with the class. It shows a way of calculating the difference between two squares that can lead to the well-known factorisation, which in turn is helpful for students to begin to explain their findings. 
See the problem Plus Minus http://nrich.maths.org/658 for more detail.

One way to round off the work on this problem could be to warn students that you intend to set them a challenge:
"In a while, I'm going to give you a number and ask you to quickly find one or more ways to write it as the difference of two squares, or to convince me that it can't be done."
Then, at the end of the session, choose some numbers (for example, 120 can be written as the difference of squares of whole numbers in 4 different ways), and invite students to explain how they find ways of writing it in the difference of two squares. 
Offer an example that can’t be done (any number of the form 4n +2) and invite students to share their convincing arguments of why it can’t be done.

Painted Cube
Problem (as it appears on NRICH)

Imagine a large cube made up from 27 small red cubes. 

Imagine dipping the large cube into a pot of yellow paint so the whole outer surface is covered, and then breaking the cube up into its small cubes.
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How many of the small cubes will have yellow paint on their faces? 

Will they all look the same?



Now imagine doing the same with other cubes made up from small red cubes.
What can you say about the number of small cubes with yellow paint on?

Painted Cube

(possible Masterclass approach)

Prepare a 3 by 3 by 3 cube made out of Multilink of one colour.

“Here is a 3 by 3 by 3 cube made up of 27 smaller cubes. Imagine I dipped it in a pot of yellow paint so that each face of the large cube was covered. Then after the paint has dried, imagine I split it into the 27 original small cubes. Can you work out how many cubes will have no paint on them? How many will have just one face painted? Or two faces painted, and so on.”

Give students time to discuss with their partners and work out their answers. While they are working, circulate and observe the different approaches that students are using, and challenge them to explain any dubious reasoning.

Bring the group together to share their responses. Collect the answers for the number of cubes with 0, 1, 2, 3 … faces painted, and note that they add up to 27. Invite students to explain how they worked it out. 

“I’d like you to work on some cubes of different sizes until you are confident that you can always work out how many cubes will have 0, 1, 2 and 3 faces painted. In a while, I’ll be choosing a much larger cube at random, and you’ll need to have an efficient method of working it out.”

Here are some prompts that could be used if students get stuck:

“Where are the cubes with no faces painted?”

“Where are the cubes with 1, 2, 3 faces painted?”

“How many of each type of cube would you have in a 4 by 4 by 4… in a 7 by 7 by 7… in an n by n by n cube?”

Bring the class together and challenge them to explain how they can work out the number of cubes of each type in a 10 by 10 by 10 painted cube. Depending on the students’ experience of working with algebra, you could work together on creating formulas for the number of cubes of each type in an n by n by n cube. The solution published on the NRICH website http://nrich.maths.org/2322/solution contains a table that shows the results very clearly.
Marbles in a Box
Problem (as it appears on NRICH)

Imagine a three dimensional version of noughts and crosses where two players take it in turn to place different coloured marbles into a box.
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The box is made from 27 transparent unit cubes arranged in a 3-by-3-by-3 array.

The object of the game is to complete as many winning lines of three marbles as possible.

How many different ways can you make a winning line?

Marbles in a Box

(possible Masterclass approach)

“If I played a game of noughts and crosses, there are eight different ways I can make a winning line. I wonder how many different ways I can make a winning line in a game of three-dimensional noughts and crosses?”
The image from the problem could be used to show one example of a winning line.

Give students time to discuss with their partners and work out their answers. While they are working, circulate and observe the different approaches that students are using, and challenge them to explain any dubious reasoning. After a while, stop the group to share their results. It is likely that there will be disagreement, so insist that students explain how they got their answers. It may be necessary to introduce some clear ways of counting without double-counting, in order to reach consensus. One way is to consider where winning lines could begin and end:

“Winning lines can start at a vertex, or on an edge, or on a face.
How many winning lines are there that start (and end) at a vertex?
How many winning lines are there that start (and end) on an edge?
How many winning lines are there that start (and end) on a face?”
Give students some time to think about these three questions, and then discuss their responses. 

 “Imagine we played a 4 by 4 by 4 version and needed to get 4 in a row to win. 
Or a 5 by 5 by 5 version, and needed 5 in a row to win… I’d like you to work on some different versions of the game until you are confident that you can always work out how many different winning lines there would be. In a while, I’ll choose a much larger game size at random, and you’ll need to have an efficient method of working out the number of different winning lines.”

Bring the class together and challenge them to explain how they can work out the number of winning lines in a 10 by 10 by 10 version of the game. Depending on the students’ experience of working with algebra, you could work together on creating formulas for the number of winning lines in an n by n by n game. 
Amazing Card Trick
Problem 
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Give a full deck of cards to someone in the audience and ask them to shuffle and cut them. 

Take the pack face down and count out the first half of the pack, turning them face up onto a pile in front of the member of the audience.

When you have done this - pick up the 26 cards and place them face down back at the bottom of the pile you have in your hand.

Take three cards from the top of the pack and place them face up on the table. Then add enough cards to each (all face down) to make a total of 10.

So, if you turn up a 3, a K and an 8 you would put seven cards face down below the 3 (as you count from 3, 4, 5, 6, 7, 8, 9, 10), none below the K (since this already has a value of 10), and two cards face down below the 8 (as you count from 8, 9, 10).

The three cards showing (face up) on the table are the 3, K and 8, making a total value of 3+10+8 = 21.

You should now be able to predict the 21st card down the rest of the pack sitting in your hand .

“And the 21st card will be…”
How is it possible to predict this card no matter what the three cards you turn over are?

Amazing Card Trick

(possible Masterclass approach)

You will need to provide a pack of cards for each pair of students, if they are going to work on this task during the Masterclass. (Alternatively, you could show them the trick and challenge them to solve it at home.)

Perform the trick as above (watch the video on the NRICH site http://nrich.maths.org/2028 to see how the NRICH team perform the trick, and see the published solution http://nrich.maths.org/2028/solution if you’re not sure how the trick works).

Repeat a couple of times, and then challenge students to work out how to do the trick for themselves. Finish off by inviting a student to come out and perform the trick. A possible extension is to adapt the trick for dealing four upturned cards instead of three. What about five?
What’s Possible? 
Cards


	32 – 22 = 5



	72 – 62 = 13



	102 – 92 = 19



	42 – 22 = 12



	82 – 62 = 28



	112 – 92 = 40




	72 – 22 = 45



	92 – 62 = 45



	232 – 222 = 45



	122 – 112 = 23



	72 – 52 = 24



	52 – 02 = 25




Developed by Charlie Gilderdale and Alison Kiddle


